The "form finding" methods for tension structures may be classified into two different groups: the linear and nonlinear methods. One of the linear methods is the force density method ͑FDM͒. In this paper advantage is taken of an important property of the FDM by which knowledge of the initial position of the nonfixed nodes of the structure is not needed, only the connectivity of the nodes is necessary for the solution of the problem. Accordingly, a new mapping method is presented that is based on topology, in contrast to the mapping methods used so far that are based exclusively on geometry. The most important contribution of this new approach is that due to mapping in topology, an initial guess of the equilibrium position is not needed as part of the solution process. The ease of implementation is also shown in this paper, along with future research that may improve this new idea. Several examples are presented that illustrate the applicability of this new method.
Introduction
The force density method ͑FDM͒ was initially presented by Linkwitz and Schek ͑1971͒. This method is based upon the forcelength ratios, called force densities, which are defined for each branch of the net structure. Schek ͑1974͒ showed that the force densities are very suitable for the description of the equilibrium state of any general network. The FDM renders a simple linear system of equations for a possible initial configuration. FDM was a big improvement over the previously proposed grid method ͑Siev and Eidelman 1964͒, which is one of the simplest methods of form finding. In the grid method a horizontal grid is laid out under the structure and horizontal displacements of the joints are neglected, so the equilibrium is solved in the horizontal plane. Vertical equilibrium for each of the joints is used to calculate the elevation of each of the grid points through a linear system of equations.
In the FDM equilibrium shape and prestress distribution are unknowns. Haber and Abel ͑1982a,b͒ presented the "smoothing concept" which allows the designer to solve the shape of the reference configuration in terms of an assumed prestress distribution. Using this method the equilibrium equations are nonlinear, and consequently iterative techniques are required for the solution.
A good example of current use of linear methods can be seen in Levy and Spillers ͑1998͒. They use FDM and the grid method as a simple practical approach to design through the use of geometrically nonlinear analysis. A new step in form finding using surface elements was given by Maurin and Motro ͑1998͒ who introduce the concept of the surface stress density. The surface stress density method uses surface triangular elements with an isotropic stress tensor and leads to a nonlinear iterative procedure that converges on configurations that satisfy static equilibrium. However, the surface stress density method eliminates the linear feature present in the FDM, so the FDM remains very attractive because of its linearity, as a practical way to find a first equilibrium shape. The formulation of the surface stress density method can be combined with the force density method in case reinforced cables are present.
Other methods of form finding are based on dynamic analysis. A recent review is presented by Barnes ͑1999͒, one of the main contributors to these methods. This review describes numerical procedures based on the method of dynamic relaxation with kinetic damping for form finding.
Force-Density Method
The starting point for the FDM is a pin-joint network consisting of cable or bar elements, in which some of the points are fixed and the others are free. The free points will have to find a position in the equilibrium configuration. This paper is related to this starting point, and the objective is to generate the pin-joint network topologically rather than geometrically, as done so far.
One may see through the many examples presented in the literature, for example, in the book of Levy and Spillers ͑2004͒, that an initial guess of the shape is needed in order to generate a network. For instance, the approximate shape may be the horizontal projection. With this initial shape it is easy to conceive a network even when only the connections are picked up as input for the FDM. This way of proceeding will be called "geometrical mapping" in this paper, in order to differentiate it from the method proposed here, which will be called "topological mapping."
For the sake of simplicity the notation used by Schek ͑1974͒ for the force density method is also used here. Small changes and explanations are also introduced in order to make the paper selfcontained and in order to apply the use of the topological mapping proposed in this paper.
For a given pin-joint network with n nodes and m branches, the branch-node matrix C is a m ϫ n matrix used in the FDM to define the connectivity of the nodes as indicated in Fig. 1 . As shown in Fig. 1 , each branch or connection j links two nodes i͑j͒ and k͑j͒, for i Ͻ k the elements of the branch-node matrix C can be defined as follows
for the rest
͑1͒
The nodes P i have coordinates ͑x i , y i , z i ͒ , i = 1 , . . . ,n. Some of these nodes are fixed, and they will constitute the input data for The equilibrium equations for each node may now be established. In the case of Fig. 1 , the equilibrium equations for node 3 come from the projections of the forces along each one of the axes
The great advantage of the FDM is the introduction of a parameter q, which is defined as the force-length ratio or force density for the branches. If q is constant then the equilibrium equations become a linear system. For a more general formulation of the FDM, the coordinate differences u, v, and w of the connected nodes are considered. These are m vectors that can be obtained using the C matrix as follows:
Considering that the matrices U, V, W, and L are the diagonal matrices resulting from placing the vectors u, v, w, and l in the main diagonal, the equilibrium equations for the complete network may be cast in the following form:
A key property of the FDM is that the above system of equations is a linear system under the following assumption:
where q = m vector containing the force-density ratios q j of all the branches. Finally, taking into account the following identities: −6,6,−6,6,−6,6,−6,6,−6,6͒ ͑−28,−28,−14,−14,0,0,14,14,28,28͒ ͑7,3,3,7,7,3,3,7,7 ,3͒ 57 11 C 30/1 a Force density ratio means the relation between force density of the branches at the contour and the force density of the interior branches. where Q = diagonal matrix that contains q, the following equilibrium equations may be obtained:
The above system of equations constitutes a linear system where the known values are the coordinates of the fixed points, the topology of the pin-joint network, and the force density values. The unknowns are the coordinates of non-fixed nodes.
In order to illustrate the use of these equations we consider the simple example of Fig. 1 , in which it is assumed that the nodes 1, 2, and 4 are fixed, and node 3 is free. The coordinates of the fixed nodes 1, 2, and 4 are ͑0,0,0͒, ͑3, 6,−3͒, and ͑8,2,3͒, respectively. The force density of the branches is assumed to be 1; then, the equilibrium equations in the x-direction take the following form: 
From the third linear equation we obtain the value x 3 = 3.67. The other three equations provide the x components of the reaction at the fixed points. Similarly, we can obtain the solution for the y and z coordinates. It may be noticed how the problem is uncoupled in the three coordinates.
Topology Mapping
Topology mapping is based on the idea that no initial coordinates are needed for the FDM, rather the connectivity between the nodes. Taking advantage of this property a mapping is performed in topology. A topology graph may be used to obtain a network of nodes and connections, so the initial guess of the shape is no longer needed and the same topology graph can be used for several equilibrium shapes. We will call this procedure "topological mapping."
The main feature of the topological mapping is that with a few topological rules a mapping can be performed independently of the final geometric configuration, and becomes especially attractive when an initial guess of the equilibrium shape is difficult to find.
Based on this new concept many types of topological networks can be selected and performed. Three basic networks are presented here: types A, B, and C, which correspond to Figs. 2-4, respectively. The basic networks are classified in close network and open network as explained below. 1. The basic network A corresponds to a pattern in which each node at a given step is connected to the adjacent ones on the same step as well as three more nodes of the following step ͑see Fig. 2͒ . 2. For basic network B, each node at a given step is connected to the adjacent ones on the same step as well as two nodes of the following step, as shown in Fig. 3 . 3. The pattern of basic network C is such that each node at a given step is connected alternatively to one or to three nodes of the next step, and also to the adjacent ones of the same step ͑Fig. 4͒. The contour of the equilibrium shape may correspond to the nodes located in the last step exclusively or to the contour of the topology network. The former is called closed basic network and the later is called open basic network. This classification is due to the fact that if the contour of the equilibrium shape corresponds only to the last step nodes, the topology network needs to be "closed," otherwise the border nodes of each step may not have continuity.
Classification of Nodes and Connections
In order to close correctly the topological mapping a different classification of nodes and connections is needed for close and open networks. In fact, for open networks, black, grey, or empty circles ͑Figs. 2-4͒ mean the same thing, all of them are nodes. Also for open networks, thick or dashed lines are all connections with no difference among them ͑Figs. 2-4͒.
The case of closed networks is different and a classification of connections and nodes is required. For the closed basic network A represented in Fig. 2 , there are three black nodes and one gray in the second step. In order to build a closed network the grey node must coincide with the black one located in the border of the step, so the grey one is called the "repeated node." Due to The process on closing basic network Type B, Fig. 3 , leads to a new kind of nodes ͑nonexisting nodes͒, represented by empty circles. The second step of basic network B is similar to the second step of Type A, with three black nodes and one gray, but in the third step of network B one node of the border does not correspond to any node in the closing process, so it must be classified as a nonexisting node. The same process renders the definition of nonexisting connections, represented as thin dashed lines.
For basic network Type A the number of nodes of each step is double the amount of the previous one for the closed configuration, and double plus one for the open configuration. Using network B, the number of nodes of each step is equal to that of the previous step for the closed configuration, and the previous plus one for the open configuration. For network C the number of nodes in each step remains the same for both open as well as closed networks.
The described basic networks originate from an initial node that is connected to the n nodes of the second step. However, this initial node is usually suppressed in open networks, as well as closed networks whenever it is desired to create a new interior contour in the interior of the closed net.
Assigning Fixed Points
For closed networks the fixed points are assigned to the nodes of the network through the calculation of the distance between consecutive fixed points and the perimeter formed by them. In this way, the distribution of nodes of the last step of the graph along the contour is done proportionally to the real distance among the fixed points. The radial symmetry existing in the generation of the network avoids any type of distortion for any shape of the structure.
In the case of open networks the distribution of the contour is shared among all the nodes of the last step together with the border nodes of the remaining steps.
Generation Process
The algorithms that generate closed networks require a reduced and simple data input, namely: the location of the fixed nodes, the force densities of the interior and exterior branches, and the topology of the net. The topology is characterized by the number of nodes of the second step, the number of steps, and the basic pattern. In this way for a given set of fixed points, it is possible to directly generate an equilibrium configuration. It may easily be inferred that for a given set of fixed points many different final equilibrium configurations can be obtained, depending on the variations of the force densities and the type of mesh ͑basic pattern, number of steps, and the number of nodes in the second step͒.
Solutions of the form-finding problem solved using the network types A, B, and C are illustrated in Figs. 5͑a-c͒ For the closed networks the nodes in the last step are the nodes located at the contour of the final configuration as well as the fixed nodes. The amount of nodes between consecutive fixed points is proportional to the length between them, as shown previously. In the case of open networks the outside nodes correspond to the outside of the graph tree. If the node of the first step is eliminated in the closed network, the second step may produce a fixed part of the structure, and a network with an interior hole will appear as shown in Fig. 7 .
Simple Networks
The basic networks may present several problems if directly applied. For example, types B and C require a high number of nodes in their second step for closed networks. On the other hand, network A produces a high number of nodes just after a few steps. These limitations may be eliminated by using topology combinations of the basic networks A, B, and C to form what we call simple networks. In this case, the user needs to define the desired sequence of combinations. The capacity of the closed loop networks to originate an initial form with a small amount of data for any fixed points is illustrated in the examples of Fig. 10 . This type of network becomes specially suited whenever the final configuration has a radial symmetry. The use of simple open networks is especially indicated for the case of elongated equilibrium configurations as illustrated in Fig. 6͑c͒ . The simple networks may constitute a first step in the modeling process conducive to a more refined combined network.
Combined Networks
In order to be able to address the problem of complex configurations, simple networks open or/and closed can be mixed together. These combinations lead to the concept of combined networks.
A practical procedure for obtaining complex forms can be established by dividing the original shape into subzones. These subzones can be easily mapped using simple networks that are combined afterward to form the final combined network. In Fig. 11͑a͒ the original fixed points are shown together with a fixed circle. Fig. 11͑b͒ shows the way the subdivisions can be formed. Finally, Fig. 12 illustrates the corresponding initial equilibrium configuration.
Conclusions
In this paper a new procedure for mapping tension structures is presented. The new method deals with a topology based pin-joint network that is easy to use and leads to different choices of final configurations. We would like to emphasize that the combination of simple topological networks and the force density method constitute a straightforward and efficient method to obtain a first equilibrium configuration of any type of tension structure.
